Millisecond Pulsars (MSPs) are old fast-spinning neutron stars and they represent the second most abundant source population discovered by the Large Area Telescope (LAT) on board of the Gamma-Ray Space Telescope (Fermi). As guaranteed γ-ray emitters, they might contribute non-negligibly to the diffuse emission measured at high latitudes by Fermi-LAT, i.e. the Isotropic Diffuse γ-Ray Background (IDGRB), which is believed to arise from the superposition of several components of galactic and extragalactic origin. Additionally, γ-ray sources also contribute to the anisotropy of the IDGRB measured on small scales by Fermi-LAT. In this manuscript, we aim to assess the contribution of the unresolved counterpart of the detected MSPs population to the IDGRB and the maximal fraction of the measured anisotropy produced by this source class. To this end, we model the MSPs spatial distribution in the Galaxy and the γ-ray emission parameters by considering observational constraints coming from the Australia Telescope National Facility Pulsar catalog and the Second Fermi-LAT Catalog of γ-ray Pulsars. By simulating a large number of MSPs populations through a Monte Carlo simulation, we compute the average diffuse emission and the anisotropy 1σ upper limit. We find that the emission from unresolved MSPs at 2 GeV, where the peak of the spectrum is located, is at most 0.9% of the measured IDGRB above 10
INTRODUCTION
A guaranteed component of the γ-ray sky is represented by a faint and (almost) isotropic emission at latitudes |b| ≥ 10
• . Such an Isotropic Diffuse γ-Ray Background (IDGRB) has been first suggested by the OSO-3 satellite (Kraushaar et al. 1972) and then measured by SAS-2 (Fichtel et al. 1975 ) and EGRET (Sreekumar et al. 1998 ). The Large Area Telescope (LAT) on board of the Gamma-Ray Space Telescope (Fermi) has published a precise measurement of the IDGRB (Abdo et al. 2010b ) in the 200 MeV-100 GeV energy range, describing it with a single power-law with an index of −2.41 ± 0.15. Recently, the Fermi-LAT γ-ray data have unveiled in the ID-GRB an anisotropy signal at small scales . Thus, while being still isotropic on large scales, the IDGRB presents fluctuations at θ ≤ 2
• , that are consistent with a population of point-like sources. One of the main puzzles for current γ-ray astrophysics is to understand the origin 1 f.calore@uva.nl 2 mattia.dimauro@to.infn.it 3 donato@to.infn.it of this emission and its anisotropy, giving a coherent picture for those two measurements. Typically, the IDGRB is thought to arise from the superposition of several contributions that can be ascribed to two main categories (Calore et al. 2012) : the emission from the unresolved counterpart of known γ-ray point source emitters and the emission from diffuse processes involving interstellar gas and radiation fields. As for the former, extragalactic and galactic source classes may participate in producing the measured IDGRB flux. In particular, active galactic nuclei (AGN), which represents the population with the largest detected counterpart, are believed to explain the most of the IDGRB, as it has been estimated for example in Abdo et al. (2010a) ; Ajello et al. (2012) ; Di Mauro et al. (2014c) ; Abazajian et al. (2011) ; Ajello et al. (2014) for blazars (BL Lacs objects and FSRQs) and in Inoue (2011) ; Di Mauro et al. (2014a) for mis-aligned AGN. Another extragalactic source of guaranteed diffuse emission is the unresolved population of star-forming galaxies, normal and starburst, that may even dominate the emission at few GeV because of the hadronic origin of the γ rays Tamborra et al. 2014) . The second most abundant population detected by the LAT is represented by galactic young Pulsars and Millisecond Pulsars (MSPs). In particular, Pulsars have been established as γ-ray emitters by the first observations of Fermi-LAT. Since the starting of the mission, the number of Pulsars detected by LAT has increased significantly and the most up-to-date catalog of such objects is the Second Fermi-LAT Catalog of γ-ray Pulsars (2FPC) (Abdo et al. 2013) .
We mention here that, in addition, truly diffuse processes may contribute to the IDGRB. Among others we quote the γ-ray production from the interaction of ultra high energy cosmic rays with the CMB (Kalashev et al. 2009; Berezinsky et al. 2011) , the emission originating from photons up scattered through an Inverse Compton process by a population of highly relativistic electrons created during clusters mergers (Blasi et al. 2007) , and γ rays produced by the annihilation of Dark Matter (DM) particles in the Milky Way or in external galaxies, e.g. Bergström et al. (1998) ; Abazajian et al. (2010) ; Fornasa et al. (2013) ; Calore et al. (2014) ; Bringmann et al. (2014) .
We do not aim in this context to give an extensive discussion of the different contributions to the high-latitude diffuse emission and we refer to Calore et al. (2012) ; Bringmann et al. (2014) ; Di Mauro et al. (2014c) ; Cholis et al. (2014) for more detailed explanations. Nevertheless, we stress that in this papers it has been shown that current predictions of the unresolved emission from blazars, mis-aligned AGN, star-forming galaxies and MSPs could fully explain the IDGRB data in the Fermi-LAT whole energy range.
This work will focus on the galactic Pulsars population and aims to assess the contribution to the IDGRB arising from the unresolved counterpart of this source class. In particular, we are mostly interested to the high latitude γ-ray flux in the analysis of MSPs instead of young Pulsars since such a population is expected to dominate the γ-ray emission in this region. MSPs are old, rapidly spinning neutron stars (with rotation period P ≤ 15 ms) that are usually found (about 80 % of MSPs) in binary systems and accrete matter from a companion (Alpar et al. 1982) . Pulsars are believed to emit γ rays from the conversion of their rotational kinetic energy. The initial rotational period (when the pulsar is born) slows down as a consequence of the magnetic-dipole braking Lyne 2000) . This decline is measured by the time derivative of the period,Ṗ , which is related to the spin period, P , and the surface magnetic field, B ( (
As a consequence the loss energy rate,Ė, i.e. spin-down luminosity, is (Grégoire & Knödlseder 2013 ):
where M is the moment of inertia of the star assumed to be 10 45 g cm 2 (Grégoire & Knödlseder 2013; Faucher-Giguère & Loeb 2010; Abdo et al. 2013) . The spin-down luminosity is then converted with some efficiency into radiation.
For young Pulsars that typically have periods of hundreds of ms, the slowing down of the period is rapid and they lose their energy very fast such that their γ-ray emission is substantially smaller than their older and faster spinning companions. Indeed, assuming that the γ-ray luminosity follows the same relation L γ ∝Ṗ 1/2 P −3/2 (Faucher-Giguère & Loeb 2010) for all Pulsars we can write:
where typical values for the rotation period P and the time derivative of the periodṖ are: P MSP = 3 ms, P young = 0.5 s,Ṗ MPS = 10 −19 andṖ young = 10 −15 (Lorimer & Kramer 2004) . Therefore, L MSP γ /L young γ ≈ 20 meaning that the average γ-ray luminosity of MSPs is much higher than the one of young Pulsars. Moreover, due to their age MSPs are expected to distribute at higher latitudes with respect to young Pulsars, that are instead concentrated along the galactic disk, within |b| = 15
• (Faucher-Giguère & Loeb 2010; Abdo et al. 2013) . In the present analysis we derive the main characteristics of the Pulsars population, namely the spatial distribution and the γ-ray emission parameters, using radio and γ-rays catalogs. We build a model for the Pulsar emission that we use to generate Monte Carlo (MC) simulations of the population in order to predict the diffuse γ-ray flux originated from the non-detected source counterpart and to estimate the relevant theoretical uncertainty affecting our results. The paper is organised as follows. In Sec. 2 we describe the properties of the galactic MSPs observed in radio and we model their luminosity and spatial distributions performing fits based on radio observations. In Sec. 3, we move to γ-ray observations and we individuate the main spectral and luminosity characteristics of the MSPs as detected by Fermi-LAT. With those ingredients we are able in Sec. 4 to set up a MC simulation of the MSP population in the Galaxy and to generate mock γ-ray emission from the unresolved counterpart of MSPs. Besides computing the diffuse emission coming from this population, we also calculate the anisotropy signal ascribable to such sources. Sec. 5 is dedicated to the presentation of the results and their discussion. The γ-ray emission from unresolved MSPs at latitudes above 10
• is derived in Sec. 5.1, while we estimate the contribution to the emission in the innermost part of the Galaxy in Sec. 5.2. Since at low latitudes the population of young Pulsars is most abundant than the MSP one, we study the spatial and γ-ray emission properties of young sources and we take into account also the contribution from young Pulsars when analysing low-latitude regions. The conclusions are presented in Sec. 6.
MSP DISTRIBUTION IN THE GALAXY
In order to model the MSP population in our Galaxy we rely on the Australia Telescope National Facility (ATNF) Pulsar catalog (Manchester et al. 2005) . It contains 1509 Pulsars with published information, a huge improvement with respect to the previous avalilable catalog (Taylor & Cordes 1993 ) containing 558 radio sources. We use the continuously updated on-line version of the catalog 4 to compile the list of MSPs. In order to build our MSP sample we select, from the whole catalog, those objects with a period P ≤ 15 ms. This upper limit on the P distribution is usually set to distinguish MSPs and young Pulsar populations (Abdo et al. 2013; Cordes & Chernoff 1997; Lorimer 2012) . We display in Fig. 1 theṖ − P plane with all the sources of the ANTF catalog divided into MSPs and young Pulsars. We show also the threshold P = 15 ms and the Fermi-LAT detected MSPs and young Pulsars. The majority of MSPs have a period in the range P ∈ [1, 10] ms and there is a small number of sources with a period larger than 10 ms. Therefore, the MSP selected sample weakly depends on the P upper bound. Considering this threshold, the number of MSPs selected from the ATNF catalog for our analysis is 132. In Fig. 2 we show the position of the selected radio sources in the galactic plane, highlighting the Earth position, around which the sources are concentrated. For the sake of comparison, we also show the distribution in the galactic plane of MSPs resolved by the Fermi-LAT as reported in the 2FPC catalog (Abdo et al. 2013) .
The physical observables which are directly measured are the period P , the derivative of the periodṖ , the distance d, the longitude l and the latitude b. However, the physical parameters which are generally used to derive the emission from Pulsars are the surface magnetic field B, the rotation period P , the distance from the galactic plane z and the distance from the galactic center projected on the galactic plane r, hereafter the radial distance.
The magnetic field can be derived from P andṖ with Eq. 1, while z and r are connected to d, l, b by:
where r sun is the distance of the Sun from the galactic center and it is fixed to be 8.5 kpc (McMillan & Binney 2010; Brunthaler et al. 2011; Gillessen et al. 2009 ). We use the sample of the 132 MSPs selected from the ATNF catalog in order to derive the distributions of B, P , r and z and we fit them with different functions in order to assess the distribution function of each observable. For the magnetic field B distribution we use a Log 10 gaussian function, similarly to Siegal-Gaskins et al. 
where log 10 B and σ log 10 B are the mean and the dispersion value of the Log 10 of surface magnetic field, respectively. For the period P distribution we consider a Log 10 and a linear gaussian function:
where log 10 P ( P ) and σ log 10 P (σ P ) are the mean and the dispersion value of the Log 10 (linear) value of the period. On the other hand, we use an exponential and a gaussian function for the distance from the galactic plane z:
where z , σ z and z 0 are the mean, the dispersion and the width of the z distribution. Finally, we try to explain the radial distribution r with an exponential and a linear gaussian function:
where r , σ r and r 0 are the mean, the dispersion and the width of the r distribution. The best fit functions turn out to be a Log 10 gaussian distribution for the period P , Eq. 6, and an exponential for the distance from the galactic plane z, Eq. 8, and the radial distance r, Eq. 10. The best fit parameters and the 1σ errors are quoted in Tab. 1. In Fig. 3 , we display the magnetic field B, period P , distance from the galactic plane z and radial distance r distributions for the MSPs of our ATNF catalog sample, together with the theoretical expectations of the same quantities using Eq. 5 -11. We find that the mean value of the log 10 (B/G) gaussian distribution is 8.3. This result is compatible with , although often a lower value for log 10 (B/G) , i.e. 8, has been assumed, (Siegal-Gaskins et al. 2011; Grégoire & Knödlseder 2013; Faucher-Giguère & Loeb 2010) .
The rotation period distribution turns out to be compatible with a log 10 gaussian, Eq. 6 with log 10 (P/s) = −2.54. The results for the P distribution represent a novelty with respect to previous works. Indeed, in Siegal-Gaskins et al. (2011); Grégoire & Knödlseder (2013) ; Faucher-Giguère & Loeb (2010) a power-law has been used, N (P ) ∝ P −α . This assumption is based on the results of Cordes & Chernoff (1997) where the P distribution of 22 MSPs is fitted with a power-law. It is clearly shown in Fig. 3 that the distribution at small values of P (1 − 4 ms) is not compatible with a power-law; rather, it is explained fairly well by a gaussian. At few ms, indeed, there is a drop of the distribution because the number of sources with such a small rotation period decreases. This trend (less sources at smaller P ) is not an experimental bias associated to the difficulty of detecting such small rotation periods. Actually, the uncertainties on the measurement of P from radio telescopes are much smaller than a few ms (see e.g. Keith et al. (2011); Burgay et al. (2013) ; Lange et al. (2001) ). Hence the decreasing of the shape at small rotation periods is physical and not due to an experimental bias.
As for the z distribution, an exponential function with z 0 = 0.67, Eq. 8, fits well the data, as it has been derived in Levin et al. (2013) ; Story et al. (2007) for MSPs. Similarly the result for the r distribution, i.e. an exponential with r ∼ 8 kpc, Eq. 11, is in agreement with the previous literature (Levin et al. 2013; Story et al. 2007 ). As one can see in Fig. 3 the radial distance distribution is not centered in zero but peaks at ∼ 8 kpc. This is due to a bias in the detection of Pulsars. The displacement r corresponds to the distance of the Earth from the galactic center meaning that the most of the sources should be placed around the Earth. This is exactly what we show in the map of Fig. 2 where the location of the ATNF MSPs in the galactic plane displays a clustering around the Earth position. This result indicates that the closer to us are the sources, the more easily they are detected. This thus represents an experimental bias we have to take into account when dealing with the radial distribution. Models of birth and evolution of radio Pulsars (Lorimer et al. 2006 Figure 1 . Period P and derivative of the periodṖ for the MSPs (pink circles points) and young Pulsars (gold crosses points) selected from the ATNF catalog (Manchester et al. 2005) . We display also the Fermi-LAT MSPs (blue triangles points) and young Pulsars (red squares points) selected from the 2FPC catalog (Abdo et al. 2013) . The solid blue line sets the threshold value P = 15 ms which separates the population into MSPs and young Pulsars. Figure 2 . MSP spatial distribution projected on the galactic plane for sources selected from the ATNF catalog (Manchester et al. 2005) . The sample has P ≤ 15 ms and is shown with red crosses, while the Earth position is displayed by the green point. For comparison, we also overlap the projected distribution of MSPs resolved by the Fermi-LAT and listed in the 2FPC catalog (Abdo et al. 2013 ) (blue squares).
B
log 10 (B/G) σ log 10 B P log 10 (P/s) σ log 10 P 8.27 ± 0.09 0.30 ± 0.12 −2.54 ± 0.05 0.19 ± 0.03
1.03 ± 0.35 0.00 ± 0.14 0.67 ± 0.11 Table 1 Best fit parameters for the Log 10 gaussian distribution for the surface magnetic field B and the period P and the exponential distribution for the distance from the galactic plane z and the radial distance r for the MSP population. (d) Figure 3 . Cumulative distributions from top-left to bottom-right of the magnetic field B, the period P , the distance from the galactic plane z and the radial distance r for ATNF catalog MSPs. Together with data we also plot the fitting functions in Eq. 5 -11 for the best fit parameters.
Loeb 2010) have found that evolved distributions of Pulsars are peaked at about 3-4 kpc away from the galactic center in the direction of the Earth. Nevertheless, MSPs, with typical ages of 1 Gyr or more (Manchester et al. 2005) , are expected to have done many orbits in the Galaxy. The position of such old sources is therefore believed to be uncorrelated with the birth position and the evolved distribution (Faucher-Giguère & Loeb 2010) . For this reason, the radial distribution is usually centered in the galactic center r = 0 kpc and modelled with an exponential distribution, e.g. in Story et al. (2007) :
where r 0 is the radial distance width, or with a gaussian density profile Faucher-Giguère & Loeb (2010):
with σ r is the distance dispersion. We adopt in the rest of the article a radial distribution given by Eq. 13 with σ r = 10 kpc and we quantify in Appendix A the uncertainty on the diffuse γ-ray emission given by the choice of other radial distributions.
THE POPULATION OF γ-RAY MSPS
The first discovery of a radio MSP dates back to 1982 (Backer et al. 1982) . Since then, the studies on this new source class were focused on radio emission, although it was suddenly realised that MSPs could efficiently shine in γ ray as well (Usov 1983) .
Before Fermi-LAT operation, only few young, radio-loud young Pulsars were detected in γ ray, while MSPs γ-ray emission was finally confirmed by the LAT observations (Abdo et al. 2009 ). The 2FPC (Abdo et al. 2013) lists 117 γ-ray Pulsars detected during the first three years of the mission. The 117 Pulsars are classified into three groups: Millisecond Pulsars (MSPs), young radio-loud Pulsars, and young radio-quiet Pulsars. Out of the γ-ray Pulsars in this catalog, roughly half (41 young Pulsars and 20 MSPs) were already known in radio and/or X-rays. The remaining Pulsars were discovered by or with the aid of the LAT, with 36 being young Pulsars found in blind searches of LAT data and the remaining ones being MSPs found in radio searches of unassociated LAT sources. The Pulsars of the 2FPC are thus divided into 77 young Pulsars and 40 MSPs. All young Pulsars except one have latitude |b| ≤ 15
• , while 31 MSPs, out of 40, have |b| ≥ 10 • mainly because of the poor sensitivity to MSPs detection in the inner part of the Galaxy (see Fig. 17 of Abdo et al. (2013) ).
Further studies of the 2FPC and multi-wavelengths analyses shed light on the nature of the γ-ray emission. The spectral cutoff shown by most sources at few GeV is consistent with curvature radiation as the dominant γ-ray production mechanism: electrons and positrons emit γ rays as a consequence of their acceleration along magnetic field lines by the rotationally-induced electric field. Inverse Compton (IC) scattering could also participate as an alternative emission mechanism, mainly from synchrotron seed photons (selfsynchrotron Compton -SSC). In this case, no strong cutoff at GeV energies is present making curvature radiation more likely (Kerr & Fermi-LAT Collaboration 2013) . Nevertheless, part of the very high energy emission of the Crab Pulsar, whose flux has been measured at E ≥ 100 GeV from VER-ITAS (VERITAS Collaboration 2011), MAGIC (Magic Collaboration 2011, 2012) and HESS (Aharonian et al. 2006) , is believed to arise from IC processes (Lyutikov et al. 2012) . From γ-ray studies it is also possible to infer where the emission takes place; observations currently favour the outer magnetosphere location, but the full radiation model is still a matter of debate (see Johnson et al. (2014) ; for an updated analysis).
We consider the sample of MSPs as reported in the 2FPC. The spectral energy distribution is fitted by a power-law with an exponential cutoff in the form:
where K is a normalization factor, Γ is the photon spectral index and E cut is the energy cutoff. For convenience, we quote in Tab. 2 the main parameters of those 40 objects: association name, galacto-centric longitude l and latitude b, photon flux F γ integated between 100 MeV and 100 GeV, spectral index Γ, cutoff energy E cut . Spectral index and cutoff energy distributions are consistent with a gaussian function:
whereẼ cut ≡ log 10 (E cut /MeV). Γ and σ Γ ( Ẽ cut and σẼ As for the case of the ATNF catalog sample, we derive the distribution of the quantities r and z for the MSPs detected by the Fermi-LAT (Tab. 2). In order to directly compare the distributions of sources derived from the ATNF and Fermi-LAT catalogs we have used the following method. We have renormalised the dN/dr and dN/dz distributions in each bin by taking into account the different number of sources in the two catalogs. The sample of 2FPC is made of 40 sources, while the number of MSPs in the ATNF catalog with measured distance is 128. Hence, the renormalisation factor we have used is 128/40 = 3.2. The r and z number distributions of Fermi-LAT sources are shown in Fig. 5 together with the data and the best fit functions derived from the ATNF catalog sample of sources. The radial distribution of MSPs in the 2FPC catalog follows the radio one, despite of the poor statistics, showing again a peak at the Earth distance from the galactic center. The vertical height distribution dN/dz is well compatible with radio observations far from the galactic plane, while it is observationally biased at very low distances, showing a flattening mainly due to the Fermi-LAT sensitivity suppression, as we will see in Sec. 5.1. We assume as intrinsic dN/dz distribution of MSPs in the Galaxy the one deduced from the ATNF sample (see Eq. 8). We will show in Sec. 5.1 that the convolution of the ATNF distribution with the Fermi-LAT sensitivity gives a dN/dz compatible with the one observed for the Fermi-LAT MSPs.
111.15 −53.22
113.14 −57.61 6.6 ± 0.3 1.2 ± 0.1 1. Table 2 Relevant parameters of the Fermi-LAT detected MSPs in the 2FPC. Column 1: Pulsar name. Columns 2 and 3: galacto-centric longitude and latitude. Columns 4: photon flux in the 0.1 -100 GeV energy band, Fγ . Columns 5 and 6: spectral index Γ and cutoff energy Ecut.
MONTE CARLO SIMULATION OF THE γ-RAY GALACTIC MSP

POPULATION
The sample of Tab. 2 is too poor to derive the γ-ray luminosity function directly from γ-ray data, as it has been possible, for example, for blazars, (Di Mauro et al. 2014c; Ajello et al. 2014 Ajello et al. , 2012 . On the other hand, it is not even possible to rely on some correlation between γ-ray luminosity and luminosities in other wavelengths, e.g. radio one, due to the high uncertainty on the γ-ray production mechanisms in MSPs, as it has been done for example for mis-aligned AGN (Di Mauro et al. 2014a ) and for star-forming galaxies . Therefore, since we are able to describe the space, period and magnetic field distributions of galactic MSPs, we build a MC simulation of the MSP population in order to analyse the properties of this source class in γ ray. We can indeed use the general properties of the MSP population to construct a mock set of sources and to find the ensuing γ-ray diffuse emission. This approach has been used, e.g. , in Siegal-Gaskins et al. (2011); Grégoire & Knödlseder (2013) .
A MSP population is generated according to the P , B, r and z distributions discussed in Sec. 2 and 3. The position of each simulated source is assigned by randomly drawing pairs of r, z from the spatial distribution (derived from Eqs. 8 and 13):
with σ r = 10 kpc and z 0 = 0.67 kpc. We normalise it as a probability distribution function. The same holds for the normalisation of every other distribution assumed here.
4.1. The γ-ray luminosity relation with the spin-down luminosity As for the modelling of the γ-ray emission, we assume that the energy lossĖ, Eq. 2, due to the magnetic-dipole braking, is converted into γ radiation. We therefore extract a value for the spin period P and the magnetic field B from the distributions in Eqs. 6 and 5 (with best fit parameters as in Tab. 1), and derive the corresponding loss energy rateĖ for each simulated source from Eq. 2. The conversion ofĖ into γ-rays luminosity is parametrised by an empirical relationship (Siegal- 
where L γ andĖ are in unit of erg/s and η is the conversion efficiency of spin-down luminosity into γ-ray luminosity, hereafter conversion efficiency. Eq. 18 is an effective way to model the MSP γ-ray emission and it represents a general expression of the correlation between this two quantities often used in the literature. Usually α has been empirically chosen to be 0.5 (Faucher-Giguère & Loeb 2010; Siegal-Gaskins et al. 2011) or 1.0 (Grégoire & Knödlseder 2013) , although the former value α might be 0.5 theoretically motivated in the framework of the outer gap models of high energy γ-ray emission. We display in Fig. 6 the values of L γ andĖ for the 40 MSPs of the 2FPC catalog. Horizontal error bars are associated with the uncertainties on the measured period P andṖ (see Eq. 2), while vertical error bars are derived by propagating the uncertainties on the γ-ray parameters Γ, the normalisation of the spectrum dN/dE, the energy cutoff E cut and the measured distance of the source. The criticality of the relation Eq. 18 L γ (Ė) is visible by the scatter of the data points in Fig. 6 . This scatter prevents us to find a statistically meaningful relation L γ (Ė). In order to probe Eq. 18 by means of further γ-ray information, we derive 95% C.L. upper limits (ULs) on the γ-ray flux of a sample of 19 sources nondetected by the Fermi-LAT. Those sources have been selected in the ATNF catalog as the ones expected to be the most powerful γ-ray emitters if standard values of α = 1 and η = 0.1 are assumed. We select only sources with latitudes |b| ≥ 10
• in order to avoid the strong contamination from the galactic foreground. For this purpose we use the Fermi-LAT Science Tools 5 . We choose for the analysis the same data taking period of the 2FPC catalog, namely from the starting time of the mission 2008 August 4 until 2011 August 4. The Mission Elapsed Time (MET) interval runs from 239557414 to 334713602. Data are extracted from a region of interest (ROI) of radius = 10
• centered at the position of the source, where we select the γ rays in the energy range 100 MeV-100 GeV. We use the P7REP SOURCE V15 Event Selection model, we take into account the common cut of the rocking angle, selected to be less than 52
• , and apply a cut on the zenith angle of 100
• . We derive the ULs using a binned maximum likelihood analysis. The diffuse models used in the analysis are: gll iem v05.fits for the galactic diffuse model and iso source v05.txt for the isotropic spectral template. All the relevant normalisations are left as free parameters during the fitting procedure. The 95% C.L. ULs are computed for the 19 sources since no evidence of detection is found (the Test Statistic (TS) is less than 25 for all sources). The 95% C.L ULs on the integrated flux in the energy range 100 MeV-100 GeV are listed in Tab. 3. We have taken the values of the longitude l, the latitude b, the distance d from the ATNF catalog and the spin-down luminositẏ E as derived from measurements according to Eq. 2. Given the ULs on F γ , we have then derived the ULs on the γ-ray luminosity using Eq. 19, fixing Γ and E cut to the average values derived in Sec. 3. We display in Fig. 6 the ULs of the γ-ray luminosities. Taking into account the MSPs of the 2FPC catalog and the derived ULs of the sample in Tab. 3, we identify a benchmark relation with α = 1 and η = 0.095 and an uncertainty band defined by η = {0.015, 0.65} around α = 1. This assumption is based on the scatter in the L γ −Ė plane when considering the 2FPC sources and the derived ULs. We have built the band in such a way that almost all the data were within it. We thus stress that it does not correspond to any statistical uncertainty on the correlation but it is a reasonable way to describe it. Nevertheless, such a scatter represents a fundamental systematic uncertainty that can not be neglected by simply fixing α and η a priori to single values. We will study the uncertainty brought by our ignorance on the real relation L γ (Ė) in Sec. 5 and in the Appendix A.
The γ-ray diffuse emission
The simulated sources are characterised by randomly drawn positions in the Galaxy (r, z) as well as by P and B values extracted from the corresponding distributions. With the latter two quantities, it is possible to derive the energy loss rateĖ, Eq. 2, and then the γ-ray luminosity, Eq. 18. For each source we then compute the energetic flux as:
where S γ is defined in the range 0.1 -100 GeV, according to Eq. 15 in Abdo et al. (2013) . Computed the energetic flux from Eq. 19, for all simulated sources we derive the γ-ray flux in the same energy range, F γ , by assuming that the single source spectral distribution dN/dE is expressed by Eq. 14. Spectral index Γ and energy cutoff E cut are drawn from the distributions of Eqs. 15 and 16 for each source. From the definitions (Abdo et al. 2013) :
where E 1 = 0.1 GeV, E 2 = 100 GeV, E 0 = 1 GeV, we can write F γ as a function of S γ , Γ and E cut as:
where E n (t) is the exponential integral function arising from the dN/dE integration.
We then classify sources in "non-detected" and "detected" objects. In order to discriminate if the simulated source would have been seen by the LAT or not, we compare its S γ value with the Fermi-LAT detection sensitivity curve S t (b) displayed in Fig. 17 of Abdo et al. (2013) . The LAT sensitivity depends on the position of the source in the Galaxy; e.g., at |b| = 30
• it is about 3.2 · 10 −12 erg cm −2 s −1 , while at |b| = 5
• it is about 7 · 10 −12 erg cm −2 s −1 . MSPs that have an S γ above the sensitivity curve are classified as "detected". We simulate sources until "detected" objects reach the number of Fermi-LAT observed MSPs above |b| = 2 • , i.e. 39. In general, we simulate about 1000 -1500 sources, out of which ∼ 60 -100 unresolved objects are found at |b| ≥ 10
• . For the set of "non-detected", i.e. unresolved, sources simulated by our MC procedure, we compute the total γ-ray flux in the energy range 0.1 -100 GeV as:
where the sum is made over all the sources with |b| ≥ b min , ∆Ω is the solid angle corresponding to |b| ≥ b min , with b min = 10 • , and F γ is the γ-ray flux for each source, Eq. 21. I MSP represents the unresolved contribution of the simulated MSP population to the IDGRB.
Moreover, by knowing the photon index F γ , the spectral energy distribution of the single sources, we can get with Eq. 20 the spectrum of the total dN/dE by adding up all sources contributions at a given energy and we can draw the total spectrum of the unresolved population of MSPs:
4.3. The γ-ray anisotropy A general prediction, e.g. Siegal-Gaskins et al. (2011) , is that a population of γ-ray sources contributes to the γ-ray anisotropy. The Fermi-LAT Collaboration has measured the anisotropy of the IDGRB for latitude |b| > 30
• in four energy bins spanning from 1 to 50 GeV, namely 1-2 GeV, 2-5 GeV, 5-10 and 10-50 GeV . At multipoles l ≥ 155 an angular power above the photon noise level is detected at > 99% C.L. in all the four energy bins, with approximately the same value C P / I 2 = 9.05 ± 0.84 · 10
sr, where I indicates the average integrated intensity in a given energy range. This result suggests that the anisotropy might originate from the contribution of one or more pointlike source populations. We derive the anisotropy arising from the unresolved MSPs and we compare this value with the Fermi-LAT data. The angular power C p produced in the energy range E ∈ [E 1 , E 2 ] by the unresolved flux of γ-ray emitting MSPs is derived using the following equation (Cuoco et al. 2012; Ackermann et al. 2012) :
where F γ is the photon flux of the source integrated in the range E 1 ≤ E ≤ E 2 in units of ph cm −2 s −1 . E cut , min and E cut , max are fixed respectively to 2.0 and 4.6 while Γ min and Γ max to 0.1 and 2.5. The results do not depend on a slight modification of the limits of integration because these variables are parametrized with gaussian distributions (see Eq. 15 and 16). F t is the flux sensitivity threshold which separates the Fermi-LAT detected and undetected MSPs. This quantity depends on the threshold energy flux S t of the sensitivity map given in the 2FPC catalog. S t is defined in units of the energy flux integrated in the range 0.1 GeV-100 GeV. We choose for S t a fixed value independent on the latitude. This assumption is justified by the fact that the anisotropy data are valid for |b| > 30
• , where the LAT sensitivity varies at most by 20% around its average, 3.2·10 −12 erg cm −2 s −1 . Therefore we fix S t = 3.2 · 10 −12 erg cm −2 s −1 . This flux is integrated in the range 0.1 GeV-100 GeV but the measured C P are given in an other energy range E 1 ≤ E ≤ E 2 . Hence, given the photon index Γ and the energy cutoff E cut in the F γ integration of Eq. 24, we can find the flux threshold F t in the C P energy range E 1 ≤ E ≤ E 2 by taking into account the relation between the photon flux F γ and the energy flux S γ (see Eq. 20) in the range E 1 ≤ E ≤ E 2 :
In Eq. 24 d 3 N/(dF γ dΓdE cut ) is the differential distribution with respect to the flux, photon index and energy cutoff and it is usually factorised by three independent functions (Cuoco et al. 2012; Ackermann et al. 2012) :
where dN/dΓ and dN/dE cut are given by gaussian distributions as in Sec. 3. dN/dF γ is usually (see e.g. 
where A is a normalisation factor in units of cm 2 s −1 sr −1 , F b is the break flux and α and β are the slopes of dN/dF γ below and above the break respectively. As we will see in Sec. 5.3 the broken power-law is adequate to parametrize the flux distribution of MSPs. In order to find the values of A, β, α and F b we fit the MC MSP flux distribution with the theoretical flux distribution given by the following equation:
5. RESULTS 5.1. Contribution to the high-latitude γ-ray diffuse background By following the MC procedure highlighted in Sec. 4, we generate a MSP population that follows the assumed distributions in period, magnetic field and distance; the γ-ray spectral properties of the simulated sources reflect the distributions of observed γ-ray MSPs (Eqs. 15 -16). To account for the uncertainty due to the conversion of the spin-down luminosity into the γ-ray luminosity, for each simulated source, we extract the conversion efficiency η (Eq. 18) from a log 10 uniform distribution in the range log 10 (0.015)− log 10 (0.65), with mean value 0.095, as represented in Fig. 6 . Moreover, we parametrise the sensitivity of the LAT to MSPs detection using a latitude-dependent function S t (b) with a normalisation that corresponds to the best fit value of the Fermi-LAT sensitivity curve and with a dispersion given by the 10% and 90% percentile sensitivity (see Fig. 17 of Abdo et al. (2013) ). In the MC procedure, we randomly extract for each source a value for the normalisation of the flux sensitivity function S t (b), bracketing this uncertainty. As an additional source of uncertainty, we consider the dependence of the prediction on the single MC realisation. Taking into account all the above cited distributions, i.e. for the vertical and radial distances, the spin period, the surface magnetic field, the spectral γ-ray parameters Γ and E cut , the conversion efficiency η, and the normalisation of the sensitivity function, we perform 1000 MC realisations of the MSP population in the Galaxy. Our final goal is to compute the average differential energy distribution dN/dE from unresolved MSPs and its uncertainty. The total differential energy spectrum of unresolved MSPs is given by the sum of the single source spectra at any energy (see Eq. 23). Since, for each source with spectrum as in Eq. 14, we do not assume a universal value for the spectral parameters but rather we assign randomly Γ and E cut to each single simulated source from the distributions of Eqs. 15 and 16, the total differential energy spectral shape may slightly vary from one realisation to another. To guarantee a precise reconstruction of the average total spectral distribution in the whole energy range and taking into account that the spectrum rapidly varies at low energies (E 3 GeV), we derive the probability distribution function (PDF) of the integrated fluxes (see Eq. 22) above three fixed energy thresholds, 0.1 GeV, 0.7 GeV and 1.5 GeV. The PDFs are consistent with a gaussian for all the three energy thresholds, for which we derive mean and dispersion σ of the corresponding integrated flux distribution. The MC realisations that have integrated fluxes above 0.1 GeV, 0.7 GeV and 1.5 GeV equal to the mean flux, mean flux ± 1σ for all the three integrated flux distributions corresponding to the three fixed threshold energies, are identified, respectively, as our best fit, ± 1σ configurations. The average prediction on the total diffuse emission is computed from the best fit configuration, while the uncertainty band is delimited by the ± 1σ realisations. Therefore, the "1σ" of the 1σ uncertainty band is primarily meant to indicate the dispersion on the integrated flux distributions.
A typical γ-ray all-sky map 6 of our simulated population is shown in Fig. 7 . We have chosen the best fit realisation which gives the best fit curve for the diffuse γ-ray emission in Fig. 9 . In order to highlight the properties of the population, we decide to display separately the resolved (left panel) and unresolved (right panel) components. The color scale is chosen such to allow the reader to see most of the sources, even when they have very low fluxes. The detected sources are determined by the implementation of the Fermi-LAT 2FPC sensitivity as explained above.
We have already shown that the intrinsic distribution of z, assumed to be the one derived from the ATNF catalog, and the one calculated from the Fermi-LAT MSPs are different close to the galactic plane (see Fig. 5 ). We can demonstrate that the reason is associated to the Fermi-LAT sensitivity flux, which is at least a factor of two larger in the galactic center with respect to high-latitude regions (|b| ≥ 10
• ). In order to verify this assumption we have derived the dN/dz for a MC realisation of the MSP population which represents the theoretical result deduced from the intrinsic ATNF distribution convolved with the Fermi-LAT sensitivity. We have renormalised the dN/dz in each bin in order to take into account the different number of sources between the MC and the ATNF catalog. In Fig. 8 the dN/dz is shown for the sources in the ATNF, Fermi-LAT catalogs and for MC simulated sources. We display also the theoretical best fit for the ATNF catalog MSPs. It is clear that, considering the dN/dz derived from the best fit of the ATNF catalog sources and convolving this intrinsic distribution with the Fermi-LAT sensitivity, we obtain a distribution which is compatible with Fermi-LAT data. Therefore, we do expect in the galactic center region a large number of sources, whose detection is prevented from the decreased instrumental sensitivity. The contribution to the IDGRB at |b| ≥ 10
• from the unresolved MSPs generated by our MC method is shown in Fig. 9 . The data points refer to the preliminary IDGRB data as taken from . The line corresponds to the mean prediction of our 1000 MC realisations, while the band covers the uncertainty due to the choice of the distributions for the vertical and radial distances, the spin period, the surface magnetic field, the spectral γ-ray parameters Γ and E cut , η, and the normalisation of the LAT sensitivity function, and it is derived as explained above. The MSP total differential energy spectrum in Fig. 9 follows a power-law with an exponential cutoff as it is peculiar of the single source spectra of which it is the sum (see Eq. 23). At the peak of the spectral emission, ∼ 2 GeV, the fraction of the IDGRB due to MSPs is about 0.3% (0.1%, 0.9%) for the best fit (lower, upper) curve, at higer energies the spectrum exponentially decreases, giving almost zero contribution above ∼ 20 GeV. The MSP spectrum is always more than 2 orders of magnitude suppressed with respect to the IDGRB data. We notice that the uncertainty is a factor of about 5 at 0.1 GeV as well as at 10 GeV. The integrated intensity in the range 0.1 -100 GeV (above b = 10
• ), Eq. 22, for the mean curve in Fig. 9 is 5.07 · 10 −9
ph cm −2 s −1 sr −1 , which corresponds to 0.05% of the IDGRB integrated flux of Abdo et al. (2010b) . Upper (Lower) edge of the band accounts for 0.13% (0.02%), with an integrated intensity of 1.32·10 −8 (2.43·10 −9 ) ph cm −2 s −1 sr −1 . We point out that modelling the latitude dependence of the LAT detection sensitivity instead of using a sharp threshold (as adopted usually in previous works) affects significantly the final result. We quantify this discrepancy to be about a factor of 2 in the differential flux when using a universal threshold of 10 −8 ph cm −2 s −1 . The contribution of unresolved MSPs to the IDGRB is here found to be smaller than what previously estimated, e.g. in Siegal-Gaskins et al. (2011); Grégoire & Knödlseder (2013) . In Grégoire & Knödlseder (2013) the contribution at |b| ≥ 40
• is estimated to be about 1.5·10 −8 ph cm −2 s −1 sr −1 , while we find 0.6 · 10 −9 ph cm −2 s −1 sr −1 . The main difference is due to the values of the assumed parameters z 0 and log 10 (B/G) . Both parameters are indeed, in our model, significantly lower than in Grégoire & Knödlseder (2013) , implying a strong depression of the final flux. We have checked explicitly that with z 0 = 1.8 kpc and log 10 (B/G) = 8 (as in their FG1 reference model that is directly translatable into ours), we get an integrated flux above b = 40
• of 1.8 · 10
5.2. Contribution of Pulsars to the inner Galaxy and to the galactic center γ-ray diffuse background As we have already seen in Sec. 2, MSPs are concentrated along the galactic disk and their number decreases as far as the latitude grows. Therefore, although it is possible to find about 75% of MSPs in the 2FPC (30 out of a total of 40 sources) at high latitudes (|b| ≥ 10
• ), we do expect a large number of sources in the inner region of the Galaxy. Moreover, at low latitudes, close to the disk, the population of young γ-ray Pulsars is very abundant in number. Indeed, despite of the sensitivity threshold, the number of young Pulsars near the galactic center is about a factor of 11 larger than at high latitudes, where only 7 out of 77 objects are found in the 2FPC. This implies that the γ-ray emission from unresolved Pulsars, both young and millisecond, in the innermost part of the Galaxy might be significant and cover an important fraction of the diffuse emission at low latitudes. In this region of the Galaxy recently an excess emission in the Fermi-LAT γ-ray data, with respect to standard astrophysical foregrounds and backgrounds, has been claimed by different groups Gordon & Macias 2013; Abazajian et al. 2014) . We therefore derive the γ-ray flux from the unresolved young Pulsars and MSPs in the inner part of our Galaxy, by analysing two different regions of the sky. In order to model the distribution of young Pulsars in the Galaxy and their γ-ray emission, we follow the same method explained in Secs. 2-4. The ATNF catalog contains about 2000 of sources with P > 15 ms (Manchester et al. 2005) that, according to the adopted convention, are classified as young Pulsars. Those objects have a space distribution similar to the one of MSPs but they are more concentrated towards the galactic center. We study the spatial distribution of young Pulsars as we have done for MSPs in Sec. 2. We deduce that the spatial vertical height distribution dN/dz of sources is well described by an exponential (Eq. 8) with z 0 = 0.10 kpc. Such value for z 0 indicates that young Pulsars are more Figure 8 . The renormalised distribution of the height z from the galactic plane of Fermi-LAT MSPs in Tab. 2 is represented by the blue dashed data points, while solid black points and dotted line refer to radio distribution and best fit. We display also the renormalised distribution for the detected sources in the MC realisation which gives the best fit of Fig. 9 (dot-dashed green points). (2004) that the intrinsic distribution of young Pulsars should peak at about 3-4 kpc from the galactic center because these sources are born in the galactic spiral arms. Following the evolution of this population by starting from its birth distribution could broaden the evolved distribution and move its peak to 6-7 kpc (FaucherGiguere & Kaspi 2006) . Hence, we consider the same radial distribution derived by Yusifov & Kucuk (2004) which is compatible with the model derived in Lorimer et al. (2006) . This distribution has a peak at 3.2 ± 0.4 kpc, a scale-length of 3.8 ± 0.4 kpc and a depletion of the number of sources when moving towards the galactic center:
with α = 1.64, β = 4.01, x = r + r 1 , x sun = r sun + r 1 and r 1 = 0.55. This radial distribution is compatible with the observed distribution of young Pulsars of the ATNF catalog (Manchester et al. 2005) and Parkes catalog (Lorimer et al. 2006) . The surface magnetic field and the rotational period are adequately fitted by a log 10 gaussian distribution (see Eq. 6 and 5) with, log 10 (B/G) = 12.1, σ log 10 B = 0.6, and log 10 (P/s) = −0.21, σ log 10 P = 0.38. The radial distance r, the vertical height z, the rotational period P and the surface magnetic field distributions we derive for the young Pulsars in the ATNF catalog are compatible with the ones deduced in Lorimer et al. (2006) The γ-ray spectral properties are derived from the sample of 77 young Pulsars of the 2FPC. We fit the cutoff energy E cut and the photon index Γ with a logarithmic base 10 and a linear gaussian distribution and we find the following best fit parameters: log 10 (E cut /MeV) = 3.35, σ log 10 Ecut = 0.26, Γ = 1.51 and σ Γ = 0.32. We show in Tab. 4 the best fit values and the uncertainties for the parameters of our young Pulsars sample.
As for the γ-ray emission, we consider again the relation L γ andĖ (see Eq. 18), by adapting the parameters α and η to the data for young Pulsars. In this case, we fix α = 1, η = 0.080 and η = [0.009, 0.75].
By adopting the same method used for MSPs (Secs. 4-5.1), we derive the γ-ray emission from the unresolved counterpart of MSPs and young Pulsars populations in different regions at intermediate and low latitudes. In order to compare with the previous literature we consider: 10
• ≤ |b| ≤ 20
• and l ∈ [−180
• , 180
• ], i.e. hereafter, the inner Galaxy region, and |b| ≤ 3.5
• and |l| ≤ 3.5
• , i.e. hereafter, the galactic center region. The result is displayed in Fig. 10 , where we show the emission from unresolved young Pulsars, MSPs and from their sum.
The left panel refers to the contribution to the inner Galaxy region, where the MSP contribution dominates the Pulsars diffuse γ-ray flux because at those latitudes only few young Pulsars are present. For comparison, the excess emission in the same region derived by is shown. Instead, in the galactic center region (right panel of Fig. 10 ) the MSPs and young Pulsars populations give about the same contribution to the diffuse emission. The overlaid data sets refer to three analysis performed in the galactic center region and finding similar results (Gordon & Macias 2013; Abazajian et al. 2014 ). The two different results for the excess from Abazajian et al. (2014) are obtained by differently modelling the background and the templates for point sources. The discrepancy, in particular, at low energies is emblematic of the great uncertainty in the determination of the excess spectrum. The spectral shape of the young Pulsars contribution differs from the one of the MSPs because the different best fit values of the Γ and E cut distributions. The uncertainty band of young Pulsars is, in general, wider with respect to the one of MSPs because of the larger uncertainty on the η parameter. Considering the inner Galaxy region we find that only about 5% of the excess in at 1-3 GeV (where the emission peaks) can be covered by the total unresolved Pulsars population. This result, although more conservative, is in agreement with the estimate of and the differences may be traced back in a slightly higher value of the magnetic field and the detection threshold assumed. In the innermost region of the Galaxy, i.e. the galactic center region, we find that the flux from unresolved Pulsars may account for about 8% of the excess emission at the peak (∼ 1 GeV) derived by Gordon & Macias (2013) and Abazajian et al. (2014) (model I) . Additionally, Gordon & Macias (2013) give an interpretation of the excess as due to an unresolved population of Pulsars with the spectral energy distribution given by Eq. 14 with Γ = 1.6 ± 0.2 and E cut = 4000 ± 1500 MeV. To make a comparison with this result, we derive Γ and E cut for the total Pulsars emission with the function of Eq. 14 (fixing E 0 = 1176 MeV as in Gordon & Macias (2013) ) and we find best fit spectral index Γ and E cut equal to, respectively, −1.53 and 3390 MeV, which are compatible with Gordon & Macias (2013) with, however, a different normalisation factor. Our result is not in contrast with Yuan & Zhang (2014) , that could explain the whole excess in terms of MSPs. Indeed, we do not consider here the MSP population from the bulge but only the one from the disk. Adding a second MSP component, that is, by definition, more concentrated towards the galactic center, would increase the contribution from MSPs at low latitudes. We caution, however, that in those two regions the determination of the excess is very delicate and it is a matter of a huge debate because of the great impact of systematics. Future and independent analysis of Fermi-LAT data could confirm or refute this result. In particular, the normalisation, spectral shape and morphology of the excess strongly depend on the method used to analyse the data, namely the source catalog, the point source subtraction method, the modelling of the galactic diffuse foreground, and the templates for the different components of the fits.
Finally, in Fig. 11 , we compare the integrated emission from unresolved MSPs and young Pulsars as a function of the latitude, b. The contribution of unresolved Pulsars to the IDGRB strongly depends on the latitude, as a consequence of the spatial distribution of the sources. The integrated flux in the energy range 0.1 -100 GeV, Eq. 22, for different regions of the sky, |b| < b max is displayed as a function of the maximal latitude I(|b| < b max ), with b max ranging from 2
• to 90
• . The most of the γ-ray flux coming from the MSPs (young Pulsars) is concentrated within 20
• (10 • ) since the most of the emission comes from low latitudes. For high latitudes (b max > 20
• ) the integrated flux is about one order of magnitude smaller for both populations.
Contribution of MSPs to the γ-ray anisotropy
In this section we present our result on the anisotropy originating from the unresolved MSP population. We follow the method explained in Sec. 4.3 and we derive the 1σ upper limit angular power, C P . We consider the MC realisations which give best fit, lower and upper edges of the 1σ uncertainty band of Fig. 9 (Sec. 5.1). For each of these realisations we derive the differential flux distribution (dN/dF γ ) MC of the unresolved MSPs. We divide the range of flux F γ in N bins. For each bin (dN/dF γ ) MC is given by the following equation:
where dN/dF γ MC is calculated in the i-th bin defined as In Fig. 12 we show the result for the realisation corresponding to the upper limit of the band in Fig. 9 . The uncertainties are poissonian errors, namely √ N i , associated to the number of sources in each bin N i . The realisation which gives the lower part of the 1σ uncertainty band of the diffuse γ-ray emission has a too small number of unresolved sources for computing the MC MSP flux distribution and therefore we are not able to derive the best fit and 1σ uncertainty values of C P . Nevertheless, we do compute the 1σ upper limit of C P considering the realisation which gives the upper bound of the flux band. We calculate the differential distribution d 3 N/(dF γ dΓdE cut ), defined in Eq. 26, performing a fit of B log 10 (B/G) σ log 10 B P log 10 (P/s) σ log 10 P log 10 (Ecut/MeV) σ log 10 E cut 12.06 ± 0.06 0.55 ± 0.08 −0.21 ± 0.03 0.38 ± 0.04 3.35 ± 0.09 0.26 ± 0.04
3.1 ± 0.3 0.00 ± 0.09 0.10 ± 0.05 1.51 ± 0.04 0.32 ± 0.05 Table 4 Best fit parameters for a Log 10 gaussian distribution for the magnetic field B and the period P , for an exponential function for the distance from the galactic plane z and the radial distance r and for a a Log 10 gaussian distribution for the cutoff energy Ecut and a gaussian for the photon index Γ for our sample of young Pulsars taken from the ATNF catalog (Manchester et al. 2005) and from the 2FPC (Abdo et al. 2013) . Figure 11 . The integrated flux I(|b| < bmax) for latitudes smaller than bmax, derived with Eq. 22 in the energy range 0.1 -100 GeV, is shown for MSPs (blue solid line) and young Pulsars (red dashed line).
the theoretical flux distribution given in Eq. 28 with the same quantity derived from the MC realisation with Eq. 30. In Fig. 12 we overlap, for the four energy bins, the flux distribution of the MC realisation and the best fit for the theoretical differential distribution.
Taking into account the best fit distributions (dN/dF γ ) fit derived as above, we calculate the 1σ upper limit of the angular power C P using Eq. 24. We show the result in Fig. 13 together with Fermi-LAT results for the DATA:CLEANED event class . For the sake of completeness, we quote the 1σ upper limit of the angular power C P in Tab. 5 for the four energy bins.
The anisotropy from unresolved MSPs is at least a factor of 60 smaller than Fermi-LAT data and therefore MSPs turn out to represent a population which gives a negligible contribution also to the Fermi-LAT anisotropy. This conclusion is compatible with the expectations of the γ-ray anisotropy produced by radio-loud AGN and blazars (Cuoco et al. 2012; Di Mauro et al. 2014b ), according to which blazars would dominate the angular power, so that any other population should give a negligible anisotropy contribution.
Moreover, we stress that our result represents the first and most up-to-date estimate of anisotropy from MSPs based on γ-ray data. Siegal-Gaskins et al. (2011) has been indeed based Table 5 The 1σ upper limit of the angular power C P in the four energy bins derived from the simulation of the MSP population. on the first 9 months Fermi-LAT observations of eight MSPs.
In particular, at latitudes above 30
• , we find that C P / I 2 is about 0.2 sr in the first energy bin, while Siegal-Gaskins et al. (2011) found C P / I 2 ∼ 0.03 − 0.04 at |b| ≥ 40
• . The discrepancy of C P / I 2 is due to different assumptions about the modeling of the γ-ray MSP population, the γ-ray detection sensitivity (assumed there as a fixed threshold) and the region of the sky considered (above b = 40
• ). Such differences imply different values of both the dimensionful C P and of the mean average intensity I . We finally notice that the energy dependence of the MSPs' C P in Fig. 13 is significantly different from the power-law-like behaviour of the Fermi-LAT data. This strengthen the fact that MSPs can not be the dominant contributor to the IDGRB anisotropy.
CONCLUSIONS
Motivated by the possibility that MSPs might be an important contributor to the intensity and anisotropy of the IDGRB we have derived the properties of the MSP population in order to build a model consistent with radio and γ-ray observations. Spatial and luminosity distributions have been calibrated on radio observations of 132 sources from the ATNF Pulsars catalog. This represents, to our knowledge, the first systematic analysis of such a large MSP sample. The best fit distributions of the surface magnetic field B, the spin period P , the distance height from the galactic plane z and the radial distance r have been derived from radio observations. Spectral and luminosity properties of the γ-ray MSP population have been derived from the most up-to-date γ-ray Fermi-LAT Pulsars catalog, the 2FPC. In particular, we have used the information from the 95% C.L. ULs on the γ-ray flux of about 20 MSPs in order to constrain the critical relation L γ −Ė and derive an empirical uncertainty band around the scattered data points.
With the aid of the derived distributions, we have been able to simulate the γ-ray MSP population. To do so, we have relied on an MC simulation of the MSP distribution in the Galaxy. We have run ∼ 1000 MC simulations to take into account the dispersion on the single MC realisation as well as other main theoretical uncertainties, such as the uncertainty on the coefficient of proportionality of the L γ −Ė relation, i.e. η. By averaging over 1000 MC realisations, we have computed the contribution to the IDGRB at high latitudes due to the unresolved counterpart of the simulated MSP population, together with the 1σ uncertainty band. We find that this source class might account for 0.13%-0.02% of the measured integrated flux of the IDGRB from 100 MeV. At the peak located at about 2 GeV the MSPs contribute at most for a 0.9% to the spectra of the IDGRB. We notice that we shrink the uncertainty on this contribution to be O(10).
The observed Fermi-LAT and ATNF MSP height distributions differ significantly in the inner part of the Galaxy (z ≤ 0.3 kpc), being the sources detected in the radio band more numerous than the γ-ray counterparts. It is demonstrated in this paper that the discrepancy is fully explained by the role of the LAT sensitivity at low latitudes.
Given the distribution of MSPs, which predicts that they are more abundant in the innermost part of the Galaxy, we may expect a non-negligible contribution of the unresolved population to the γ-ray emission at low latitudes. Moreover, close to the galactic disk the number of young Pulsars overcomes the one of MSPs. We have therefore considered both young and millisecond Pulsar populations in order to assess the total γ-ray emission at low latitudes. The young Pulsars population has been modeled by following the method used for MSPs: we have derived the distributions for radial and vertical distances, spin period and surface magnetic field from the data of the ATNF catalog, while we have relied on the 2FPC for the computation of best fit γ-ray spectral parameters. We have then derived the γ-ray emission from the unresolved young Pulsars and MSPs in the inner part of our Galaxy, by analysing the inner Galaxy and the galactic center regions, where recently an excess in the Fermi-LAT data has been claimed by different groups Gordon & Macias 2013; Abazajian et al. 2014) . Going from the inner Galaxy to the galactic center, the contribution of young Pulsar increases with respect to the MSP one. We find that the peak of the γ-ray emission (at 2 GeV) from the unresolved MSP (young Pulsar) is 4.1 · 10 −9 GeV cm −2 s −1 sr −1 (9.1 · 10 −11 GeV cm −2 s −1 sr −1 ) for the inner Galaxy, and 1.9·10 −7 GeV cm −2 s −1 sr −1 (4.5·10 −7 GeV cm −2 s −1 sr −1 ) for the galactic center.
Moreover, we have calculated the γ-ray anisotropy arising from this source class, by presenting the 1σ upper limit on the angular power, C P . The result is that MSPs can not be a sizeable contributor to the γ-ray anisotropy measured by the LAT at |b| > 30
• , which should be therefore dominated by other source classes, e.g. radio-loud AGN Di Mauro et al. (2014b) .
We have finally demonstrated that although the population model is still affected by several uncertainties, those systematics have a little impact on the final prediction of the γ-ray flux from unresolved MSPs.
APPENDIX DISCUSSION OF SYSTEMATIC UNCERTAINTIES
As stressed in the text, the final results depend on how the MSP population has been built up, i.e. on the choices of the parameters characterizing the distributions assumed to model the source population. We dedicate this Appendix to the discussion of the systematics uncertainties affecting the results, showing how the diffuse emission at high latitudes changes when other distributions are assumed.
Firstly, we discuss how the final spectrum is altered when assuming different choices for magnetic field B, period P and spatial radial r distributions. The results are displayed by Fig. 14. For each varied parameter, we derive the corresponding contribution to the diffuse emission as the average over 1000 MC realisations. The top-left panel shows the impact of assuming different values of log 10 (B/G) for the magnetic field distribution of Eq. 5. The cases with log 10 (B/G) = 8 and log 10 (B/G) = 8.5 are displayed. The integrated flux in the 0.1 -100 GeV band is respectively about twice and a factor of 0.7 of the best fit realisation. The corresponding spectra are displayed in the panel together with the 1σ uncertainty band. In the top-right panel, the reader can see how the choice of a power-law distribution for the rotation period P in the form N (P ) ∝ P −α (with α = 2), as assumed by Siegal-Gaskins et al. (2011); Grégoire & Knödlseder (2013); Faucher-Giguère & Loeb (2010) , only marginally affects the results. We also notice that the final results are independent from the spatial (radial) distribution adopted; the bottom-left panel shows that using a gaussian distribution, Eq. 11, with σ r = 5, 10, 15 kpc or an exponential distribution, Eq. 10, with r 0 = 10 kpc (from Grégoire & Knödlseder (2013) ), does not change the result and we are still close to the best fit spectrum. Therefore, varying the surface magnetic field, rotation period and space distribution does not alter our conclusions and in all cases the ensuing systematic uncertainty is inside the 1σ uncertainty band.
In Sec. 4.1, we have discussed the criticality and uncertainty on the efficiency conversion of spin-down luminosityĖ into γ-ray luminosity. Several papers (Siegal-Gaskins et al. 2011; Grégoire & Knödlseder 2013; Faucher-Giguère & Loeb 2010; Abdo et al. 2013 ) quote as possible L γ −Ė relation: Figure 14 . The systematic uncertainty on the MSP IDGRB flux is quantified, from the top-left to the bottom-right panels, by varying the assumption on the distributions for the magnetic field value, the period P distribution, the galactic distance of the galactic plane r distributions and on the correlation between Lγ andĖ. In each figure the best fit curve and the 1σ band of Fig. 9 are shown together with the cases explained in the text.
